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Abstract-The aim of this paper is to give a new condition assuring corA + B = cor(A+ B) and 
intA + B = int(A + B) in 8 linear space and 8 linear topological space, respectively. Moreover, this 
paper presents some observations on the previous results given by the authors. 
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1. INTRODUCTION 
Hecently, we proved in [l] such an elementary property of convex sets as in this paper’s title, 
and gave in [2] some general conditions assuring the property. In this paper, we will give a 
new condition assuring corA + B = cor(A + B) and intA + B = int(A + B) in a linear space 
and a linear topological space, respectively. Also, we will observe some family on which each 
operator behaves like a linear mapping. Moreover, we will give a note on the previous conditions 
given by the authors: corA + B [resp. intA + B] is midconvex, i.e., for every a, b E corA + B, 
:(a + b) E corA + B. 
Throughout this paper, the term linear space will refer to a linear space over the real field R or 
over the complex field C. Given a linear space X, and a, b E X, a # b, we will use the following 
notation for line segment subsets (joining a and b) of X; [a, b] := {Xa + (1 - X)b : 0 5 X 5 l}, 
[a, b) := [a,b] \ {b}, and (a,b) := [a,b) \ {u}. A subset A of X is said to be convex if for every 
u,b E A, a # b, the line segment [u,b] is a subset of A. Also, a subset A of X is said to be 
midconvex if for every a, b E A, &(a + b) E A. Of course, any convex set is also midconvex. We 
usually define addition and scalar multiplication on the family P(X) of nonempty subsets of X. 
Let C be a subset of X, then a subset A of X is said to be C-convex if A + C is a convex set. 
This concept is usually used in vector optimization and multiobjective programming when the 
set C is a convex cone. 
Next, we define the core operator, the interior operator, the closure operator, and the convex- 
hull operator. For a subset A of a linear space X, the core of A (or algebraic interior of A), 
written corA, is the set of all points a E A such that for each x E X \ {a} there exists b E (a, z) 
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for which [a, b] c A. For a subset A of a linear topological space (X, 7), the interior of A (or 
topological interior of A), written intd, is defined by intd := U{V E T : U c A}. Also, for a 
subset A of a linear topological space (X,7), the closure of A (or topological closure of A), 
written cld, is defined by cld := n{F c X : F > A and F is closed}. Moreover, for a subset A 
of a linear space X, the convex hull of A, written cod, is defined by cod := n{K c X : K > 
A and F is convex}. We remark that cord, intd, and cld are convex (or empty) whenever A 
is convex, and that the convex-hull operator co behaves like an identity on the family C(X) of 
nonempty convex subsets of X. 
2. ADDITIVITY OF CORE OPERATOR 
AND INTERIOR OPERATOR 
At first, we cite some properties of the core operator and the interior operator without any 
conditions. 
LEMMA 2.1 [l, Proposition 2.11. Let A and B be nonempty sets in a linear space X. If cord # 0 
then 
cord + B c cor(A + B). (2.1) 
LEMMA 2.2 [l, Proposition 2.21. Let A and B be nonempty sets in a linear topological space X. 
If intd # 0 then 
intd + B c int(A + B). (2.2) 
Now, we prove the main theorem, which has a simple but new condition assuring cord + B = 
cor(A + B). 
THEOREM 2.1. Let A and B be sets in a linear space X. If B is algebraic open, i.e., B = corB, 
then 
A + corB = cor(A + B) = A + B. (2.3) 
Moreover, if A is convex with cord # 0, then 
A + B = cord + B = cord + corB. (2.4) 
PROOF. By Lemma 2.1 and B = corB, we have 
A + corB c cor(A + B) c A + B = A + corB, 
which implies (2.3). Next, let A be convex with cord # 0, and we show that A + B = cord + B. 
ForanysEA+B,thereareaEAandbE Bsuchthata:=a+b. IfaEcorA,thenzEcorA+B 
holds. Let a # cord. Since cord # 0, there exists a vector p E cord, and so [p, u) c cord by (1) 
of Lemma 2.1 in [l]. For a + b -p E X, b E B = corB implies that there exists 0 < X < 1 such 
that 21 := x(u + b - p) + (1 - X)b = b + X(u - p) E B. Let z2 := a + X(p - a), then we have 
z1 + z2 = a + b = z, and hence 21 E B and 22 E cord. This shows that z E cord + B. Then, 
A + B c cord + B, and hence we have A + B = cord + B. Thus, (2.4) is proved. I 
Similarly, the following theorem can be proved. 
THEOREM 2.2. Let A and B be sets in a linear topological space X. If B is topological open, 
i.e., B = intB, then 
A + intB = int(A + B) = A + B. W-9 
Moreover, if A is convex with intd # 0, then 
A + B = intd + B = intd + intB. (2.6) 
Let 01(X) [resp. 02(X)] be the family of nonempty algebraic open [resp. topological open] 
subsets of a linear space [resp. a linear topological space] X. Also, let Cl(X) [resp. G(X)] be 
the family of convex subsets with nonempty core [resp. nonempty interior] of a linear space [resp. 
a linear topological space] X. Then, by the theorems above and Corollary 2.1 in [l], we obtain 
the following results. 
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COROLLARY 2.1. The following statements hold: 
(1) Let X be a linear space, and let A1,...,An E 01(X) UC,(X) and al,...,on scalars. 
Then 
car &Ai = &corAi. 
( ) 
(2.7) 
i=l is1 
(2) Let X be a linear topological space, and let Al,. . . , A, E 02(X) U C’z(X) and 01,. . . , an 
scalars. Then 
int 
( ) 
2 CQ Ai = 2 CY~ intAi. (2.8) 
i=l i-1 
The conclusion of (2.7) [resp. (2.8)] h s ows that the core operator [resp. the interior operator] 
behaves like a linear mapping on the family 01(X) U Cl(X) [resp. 02(X) U Cz(X)]. 
Next, let us investigate some families on which the closure and convex-hull operators behave 
like linear mappings. As shown in [3, p. 61, it is well-known that 
co(aA + PB) = cucoA + /3coB, (2.9) 
where A, B are nonempty subsets of a linear space X and cr,p are scalars. Let F(X) be the 
family of nonempty relatively compact subsets of a linear topological space X. If X is Hausdorff, 
then ocl(A) + @cl(B) is closed for any A, B E F(X) and scalars (Y, p, and hence 
cl(cuA+@B) =oclA+PclB. (2.10) 
Also, given a subset A of a linear topological space X, the asymptonic cone of A, written As(A), 
is the set of all points a = lim txzx for some nets 2~ E A and tx > 0 converging to 0, which 
implies that As(A) = n,,, cl{az : 2 E A, 0 < (Y 5 t}; see [4] and [5]. Then, when A is a cone, we 
can easily verify that As(A) = clA. Hence, in the same way as the proof of [4, Theorem 2.121, 
we have the following: if A and B are nonempty cones with As(A) fl -As(B) = {0}, and if one 
of them is convex and locally compact, then 
cl(A + B) = clA + clB. (2.11) 
Given a pointed (i.e., C II (-C) = (0)) convex cone C, let Kc(X) be the family of nonempty 
convex, locally compact cones, included in C, in a linear topological space X. Then, from (2.11) 
it follows that (2.10) holds for any A, B E Kc(X) and scalars Q, p, and hence it is true for any 
A, B E F(X) U Kc(X) and scalars a, fl whenever X is Hausdorff, since the sum of a compact set 
and a closed set is closed in X. Therefore, for any pointed closed cone C, we can see that three 
operators int, cl, co behave like linear mappings on the family (02(X)UCz(X))n(F(X)uKc(X)) 
in a Hausdorff linear topological space X. 
Moreover, as presented in [l], we have intA+intA = intA+ A = A+intA = 2intA, intA+clA = 
clA+intA = 2intA, and clA+clA = 2clA for any A E Cz(X). Also, as shown in [3, p. 591, we note 
that int(intA) = intA, cl(clA) = clA, int(clA) = intA, and cl(intA) = clA for any A E Cz(X). 
These can be interpreted in the following way. Let int(A) := intA, cl(A) := clA, co(A) := coA 
for A c X, and let (int+cl)(A) := int(A)+cl(A), (aint)(A) := o(intA), (intocl)(A) := int(cl(A)), 
etc. Then we can give the following relation tables on the family of closed convex subsets with 
nonempty interior, where the binary relations + and o mean (row)+(column) and (row)o(column), 
respectively. Whenever limited to the convex cones, the scalar multipliers 2 on the left-hand table 
are superfluous. 
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3. AN OBSERVATION ON THE MIDCONVEXITY OF corA + B 
Prom the proposition below, it follows that Theorems 2.1 and 2.2 in [2] coincide with (1) 
and (2) of Corollary 2.1 in [2], respectively. 
PROPOSITION 3.1. Let A and B be nonempty sets in a linear space X. If A is convex with 
corA # 0, then the following assertions are equivalent to each other: 
(1) corA is B-convex, i.e., corA + B is convex; 
(2) corA + B is midconvex. 
PROOF. Clearly (1) implies (2). Conversely, let z and y be distinct two points of corA + B, 
then there are &, ya E corA and XI,, yb E B such that x = xa + 26 and y = ya + yb. Since 
x~, y,, E corA, by (1) of Lemma 2.1 in [l], there is 0 c 6 < 1 such that line segment subsets 
L := [xa, xa + S(y - x)) and R := (ya + 6(x - y), ya] are contained in corA. Hence, LO := L + Xb 
and& := R + yb are included in corA + B. Using the midconvexity of corA + B, we have 
These line segments LO, &, I,$‘) are parts of the line segment [x, y], and can be obtained by 
translating the line segment 6(x - y), in other words, each of them is an interval in the line 
segment [z, y] with the ratio 6 : 1. Similarly, a double sequence of intervals IAm’ c corA + B in 
the line segment [x, y] with the ratio 6 : 1 can be defined recursively. Then for n large enough so 
that (2n+1 + 1)6 > 1, we have 
n 2’ 
( ) uu I(j) t u LI-J u & = [x, y]. i=o j=l 
This shows that corA + B is a convex set. I 
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